o T\ ce
SuPPose, G is a J"U? ond H=G. I*‘ {:o“ods (:roM ouf Proo? O'F

Lajro.nje\s H\CM'CM H‘\u\' the collection of left c.ose('s
{j\'\ : je G§ s a Pac\"\\"\ar\ of 6. (3\-\‘- {jkikél—\})

Def: The (left) %Nl{iegk_Sgce of C modwlo B s

C/l—\ = {j\'\ . j(-‘, G‘}.

Sim\\m‘\j ) he riak\' cl\;ojﬁet\\' Space of G modulo B is
H\G = {HJ . je G—I
(Je also define the index of H in G, denoted [G:Hl|, bj

|G H| = |6H|.
NO'\'C'- TE (Glcos fhey, ajtﬁn feom our ?(oe(:

of Lo.va\jc‘s fheorem, 1G:HL= \GL .
n\

N\ojﬁ\lalr‘u\J t\‘\JCS{“OV\! T< there a natural woj fo uvse the l:inmJ operation

on G to tuen S/ inte a jroup?



Exs:
) G=Z, RenZ  (neN)

GM={atnl: a€Z§
—{O-H\'ﬂ_, tnZ,... , (n- \\""\1]

-"{6, T, oy -R:-T-} (Ex-Q from E gu‘waleu\ce. relo{"lons)
Feom our  wideo T—_ﬁ_ﬂg,j_mM we sow that the cule

a+ E"" L 0,\361 is Q Bmarj o?e.m\lm on G/l'l,
w\\'\ck buens H\‘\s ttuo\‘icn\' S(so.ce, ‘m\-o a jfoup.
Kej fact in this emw\ﬁc: The E‘mo.tj oPevq\'ion above is  well-defined.

T.e. it doesat depend on the choices of representalives for the cocets.

’L) G:' S: / H= <(.\ 7-)> = {e,/ Q ‘L)] Sccdck wock:
A= 3 2)
“.3 Q,\—\r. {e./ (1 Z)? =(\ 'L)H (D)= (lZ})

R DR D), A3 0=03)HR  HeOnR={0 1) G 2T = LD
G ={Hy, hy, 1§
What if we hj fo define mutiplication on Cf by the “rule”
(j(\'\)(jz‘-“:(jﬂ,)"\ 7
Problem: This “rule” is nob well-defined. For example,

Heel=(L Il and  Hi=G3H, but

(e (’L:ﬂ)l—\ =(@3H=H,, ond
Quen)h=q 'L‘S)\'\=:\z, .



Theorem: Soppose G is a grev and H<G. The cule
GuA)geH) = (g.90H, Vg, qHeCh, )
is a well-defined binuj opecation on “h  if and only .if HeG.
When HeG, Ch toqether with this binary operation is a grovp,
called the Mﬂj’ﬁmmu
PE: =>: Soppose (k) is well-defined.
Wank bo shou: VG hel, ue hove ghy'cH.  (gHy's )
Note that VheH, hH=H=el. Then, VqeG, since 60 15 well- defined,
(hj")l’\ = (\r\\'\)(j" K= (e\-\)(j"m '-(ej") H-= j"“ :
Therefore hj"e-j"l'\ = Jhel st hj"= j"K
Condusion: H2G.

= gk et

& Sof?ose H2G.
Want fo show: TFf 3.H=j“\'\ ond j‘sz.'-H then (j‘j") H= (.3:3;)\'\
Note. fhat j“ 9i \'\—‘93 ]\'\ -Dj, j\\ for some h;€H.

(\-\,'L)
Then gy e p el

=3, jg)(j,_ h, 3J h, = (j j’" h \\ for some heH.
Thece foce j‘ % € (:M,,) R = (J j;)l-\ n (J 3,)»\ ¢ =P (J;j;)\-\ "j'jf-H .



Fir\a\\jj (%) is well-defined then it tuens SM  into a Jtou\az
- assecia Vi j P
/ assoc. in G
(( J‘\'\)(atl-\b (33\-\) =((3‘jz\ H) (j,m =((3,‘]Q 33) = (3‘(],13))H SR (1\\-\\((31\-\)(3-, \'\\)
: iden’c'\*j =ell=H

V 3\\'\, jz\"\/ 33H€ G/H/

(3::3: ]c.\)
Vj\—\ € G/I-\/ (e."\\)(:\\-\\ = Jl”("" (3\'\) (e 1)

“inver ses (3\'\\-‘ =(3"“\
(1¥\5(3"‘M= (3" k\)(a&\\?- el. m
Ex. 1, revisited: G=54 r(\;)(u 2 = {e, 0]
Note that DU UN'=ned = HEG.
Thecefove \>J the \’\r\eoccw\/ mulbiplication of cotets in OfH,
as described there, is not well -defined.
asic facts
LEf HeG then CH is a qoup and:
Deoy=eh=h , @) VqheSh, (qu™- 7H
i) gH= g1 & geqH
iv) VqHeSh, ne, (3H)°=3“H.

V) L¢ jeG has order keM in G, then the order of 3\-\ in O divides k.



Exs:

Sa) G= CuxCy= Gx7xCyr = {l, yi): osi je T

W= <(X‘/ C.)/ (Cl j")) a G (G is Abelian = Q\ICTJ S\ILJ\'WP s no(mq\)

H= {(x‘,c)i (e, j‘)j : i,)' €2 - {(e, ), (xy0), (e, j‘), (x‘,\j‘)?

Mi=q = 16:Hl= (G4 = 1 = v

Gia = {(e, 0l eI, (eI, o 1
(elh = {(e, o), (x0), (e, 4), (x‘,j")?
(= {(x, e), (&e), (x,j‘), (x’,u")}

(e, 1= {(eny), ety (e g (Y 413

(xl‘j)“: {(x"’)/ (X’,‘J), (xl \13)/ (Xx[jg)}

=‘->°/H%C.‘ or Ny .

- Cyz (x7 = {el ¥, % Xs}
\ elem of ov der |
Lelerm of order Z
1 ¢lowms of ovder Y

" Ny= Cob | q‘=b‘=€/ ab=ba)

= {e, Q, \) QLS
\ elem oé ot der |
3 elems, of otder 2

Noke: (g, M) = ()R =(e, e (o) eee)t)

((e,j)\'\ ) = (e ) R =(e,e)X ((e,'j‘)e (e,2) H)

QK,J)\‘\ )t = Kx‘,j‘) R -= (e,e)H (Qv.",'j‘) € (e)e) H)

There.?ore./ all v\on-iden{'ﬁj elements in OM  have order T,

hYo) G/H & V-(.




3b) 6= CyxCy= a7 xdyy = {(x‘,:’j)i o<, je3 S

R=dlx, )26
He Lty s i e = (Ce0), o), (4, (24)3
Mi=4 = 1G:Hl=(6Ml = 1 =q = She o

G/H = {(e, 1, (xelH, (xyl, (xy M3
(e, )H={(e, €), Cept), (6 1), ()]
(e,e)f= {(xe), (Y Y, (x’,«j‘), (e,xj)}
(e W= ) (2, (47, (470
G = R by ), Ly, (e, (eyy?)

Note: (x¢) has ocder Y4in G, and ((xe)H) = (z‘,C)H=(x.j)H==(e,e)H.

Therefore  (ke)H €CM has  order dividlng 4, bt it does not

have order 2 or |, so i} has order 4.

Conclusion: Sh & Cq/ and Cly = <(x,c)l-\>.



) G=Sy, HeAn. (n22)

elen b"“\ odd of bO"‘\ even

VjeC ond  hel, j\nj" is _even, so j\\J"eH

A= 1S s 1seAN= S s S) Lz
2 VAL
= S"/An QCL .
* Salpg = {efn, GUIANT = Sela, = {0 ALY,

\

WV¢An =2 eAn# (L)AL
5) G=Qg = {5\, £ *j, £k T X CIVAREINS
-Hla2G.

Y hel\, jec/ j\\s\\j @j\,\j"';—keH
*1G:Hl= Bly =9 = Ch &2 Cy o Vy.
« Gl = { LPRY.Y JH, e §

Hefe1], iM=(8il SH=T2)F, ed=(2e]

Nete:  (iH)*= (1= (kH1*= COK= o
=il jt) and EHl have order Z in S/H

= 6l 2 V.



6) G=Sq=<t2) (1 234))

Bz Caaa), W= {e, (n)(34), Gn2w), Uz S

9 (3 (24) )= (4 = Y(H 2)

- HaG: VvV

() (s M) (L) = ) (TYEN

2(4721)

Ges4) (Gt e39)"= ) (2 1)eH

(u(anen) )™ = () (2 3) el

(43 21)
. “ M 4

(1234) (nx)(zq),)(( z?&)" =(1 g)(z4)€ER

el [Slz W= T =6 = e ¢ o s,

* G

_ Note {hat

Q\ v x)H:)((l 2) H,)=((\ 2 D)) = (1 3)H

= {9, an(aaa ), anlineq), w(ane ) J

‘-{(\3),. (12 34), (24) (1432)3 y |>u’\'

\2 \ 2 (Ll =(2 # (e | 2

sine ang(0 e DA)((H).

[herefore ©M  is non- Abﬁ\mn,. so O €§3.






